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Abstract. We give an explicit formula for the holonomy of the orientation bundle of a 
family of real Cauchy-Riemann operators over Riemann surfaces with orientation-preserving 
involutions on the boundary components. Special cases of our formulas are closely related to 
the orientability question for spaces of real maps from Riemann surfaces to almost complex 
manifolds with anti-complex involutions and in fact resolve this question in genus 0. In 
particular, we show that the moduli space of real J-holomorphic maps from the sphere with 
a fixed-point free involution to a simply connected almost complex manifold with an even 
canonical class is orientable. We expect the main formulas of this paper to be among the key 
ingredients in future constructions and computations of real positive-genus Gromov-Witten 
type invariants of symplectic manifolds with anti-symplectic involutions. 
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1. Introduction 

The theory of J-holomorphic maps plays a prominent role in symplectic topology, algebraic 
geometry, and string theory. The foundational work of [lQl EH Q2J [211 El E] nas established 
the theory of (closed) Gromov-Witten invariants, i.e. counts of J-holomorphic maps from 
closed Riemann surfaces to symplectic manifolds. In contrast, the theory of open and real 
Gromov-Witten invariants, i.e. counts J-holomorphic maps from bordered Riemann surfaces 
with boundary mapping to a Lagrangian submanifold and J-holomorphic maps from sym- 
metric Riemann surfaces commuting with the involutions on the domain and the target, has 
been under development over the past 10-15 years and still is today. The two main ob- 
stacles to defining these invariants are the potential non-orientability of the moduli space 
and the existence of real co dimension-one boundary strata of the moduli space of the cor- 
responding J-holomorphic maps. The orientability problem in open Gromov-Witten theory 
is addressed by the first author in [9]. Some approaches to dealing with the codimension 
one boundary, as well as physical considerations, have raised the issue of orientability in 
real Gromov-Witten theory. In this paper, we combine the principles of [9 with equivariant 
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cohomology and give an explicit criterion specifying whether the determinant line bundle of 
a loop of real Cauchy-Riemann operators over Riemann surfaces with orientation-preserving 
involutions on the boundary components is trivial. As explained just below and again after 
Corollary 11.71 this last issue is related to the orientability problem in real Gromov-Witten 
theory via the doubling construction of (jl.4p and Section [3l 

Moduli spaces of open J-holomorphic maps (£, dH) — > (X, L), where S is a Riemann surface 
with boundary and L is a Lagrangian submanifold of a symplectic manifold X, typically have 
a codimension-one boundary consisting of maps from domains with a boundary node; such 
degenerations of smooth domains are described explicitly in [151 Sections 3, 4]. In order to 
define open Gromov-Witten invariants, the codimension one boundary must be eliminated 
in some way. Whenever L is the fixed point set of an anti-symplectic involution cf) on X, the 
introduction of decorated marked points in [HI Chapter 3] makes the open Gromov-Witten 
invariants of (X, L) equivalent to the real Gromov-Witten invariants of (X, (f>) for a closed 
oriented surface S with an orientation-reversing involution a such that S/cr is an orientable 
surface. Real invariants, with S/cr orientable or unorientable, have also come to prominence 
in string theory [221 [Tl [26] . String theory literature suggests that different topological types of 
involutions on Riemann surfaces should give rise to different invariants of Calabi-Yau three- 
folds equipped with anti-symplectic involutions. However, mathematical literature, such as 
[131 Section 4], [231 Section 5], [El Sections 3,4], and [201 Section 1.5], suggests that the 
map counts arising from involutions of different topological types should be combined to get 
well-defined invariants, as there is a path through one-nodal degenerations between any two 
involutions of different topological types on the same closed oriented surface X. As some 
codimension one boundary of moduli spaces of open maps corresponds to such one-nodal 
degenerations under doubling, moduli spaces of real J-holomorphic maps from Riemann sur- 
faces £ with involutions a are of major interest in open Gromov-Witten theory, even if E/<r 
is not orientable. 

In order to count real J-holomorphic maps from a Riemann surface £ with an anti-holomorphic 
involution a to a symplectic manifold X with an anti-complex involution (j), it is necessary 
to orient index bundles of real Cauchy-Riemann operators on complex bundles over £ with 
a conjugation lifting a and to specify a systematic way of doing so in families whenever 
possible. Every anti-holomorphic involution a on S = P 1 such that ¥ l /a is not orientable is 
conjugate to 

(1.1) rj-.F 1 — >P\ [u,v] — >[-v,u]. 

In the case (S,<r) = (P 1 ,//), [U Section 2.1] introduces an approach to orienting such index 
bundles and describes a systematic way of doing so in some, but not all, cases when this 
is possible. We reinterpret this construction in terms of real Cauchy-Riemann operators on 
on Riemann surfaces with orientation-preserving involutions on the boundary components in 
a way that reduces to the orienting construction of Proposition 8.1.4] whenever S/ct is 
orientable. This allows us to extend the principles used in [9], which treats the case when 
S/cr is orientable, to the unorientable case in any genus. Theorem 11.11 below specifies whether 
the index bundle of a loop of real Cauchy-Riemann operators over Riemann surfaces with 
orientation-preserving involutions on the boundary components is trivial. As a corollary, we 
show that the moduli space of real J-holomorphic maps from (P , r/) to a simply connected 
almost complex manifold with an even canonical bundle is orientable; see Corollary 11.81 As 
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another corollary, we conclude that the local system of orientations on the moduli space of 
J-holomorphic maps from bordered Riemann surfaces that commute with the involutions on 
the boundary and on the target is isomorphic to the pull-back of a local system defined on 
a product of the equivariant free loop space of the target, of the fixed point locus of the 
involution on the target, and of its free loop space; see Corollary 15. 71 In the future, we intend 
to apply this observation for orienting moduli spaces of real maps of positive genus, as well 
as for constructing and computing the corresponding real Gromov-Witten invariants. 

An involution on a topological space (resp. smooth manifold) M is a homeomorphism (resp. dif- 
feomorphism) c: M — >M such that coc = id^; in particular, the identity map on M is an 
involution. Let 

M c = {xeM : c(x) = x) 

denote the fixed locus. An involution c determines an action of Z2 on M; we denote by 
H*(M), H%(M), and H%(M;Z) the corresponding Z2-equivariant cohomology and homology 
of M with ^-coefficients and homology of M with Z-coefficients, respectively; see Section 
If the fixed-point locus of c is empty, there are canonical isomorphisms 

H*(M) » H*(M/Z 2 ), HZ(M; Z) « #*(M/Z 2 ; Z). 

If in addition M is a compact manifold (and thus so is M/Z2), we denote by [M] c 6iI£(M) 
the fundamental homology class of M/Z2. A conjugation on a complex vector bundle V — >M 
lifting an involution c is a vector bundle homomorphism c: V — >V covering c (or equivalently 
a vector bundle homomorphism c: V — >c*V covering idjvf) such that the restriction of c to 
each fiber is anti-complex linear and coc = idy. For such a conjugation c, V c — > M c is a 
maximal totally real subbundle of F|a/ c - We denote by 

wf(V) G Ht(M) 

the i-th. Z2 -equivariant Stiefel- Whitney class of V. Moreover, if M is a manifold, possibly 
with boundary, or a (possibly nodal) surface, and c is an involution on a submanifold L C M, 
a real bundle pair (V, c) — >(M,c) consists of a complex vector bundle V — >M and a conju- 
gation c on V\l lifting c. 

A boundary involution on a surface E with boundary <9£ is an orientation-preserving involu- 
tion c preserving each component of <9£. The restriction of such an involution to a boundary 
component is either the identity or given by e lS — > —e lS for a suitable choice of identifica- 
tion (dT^i^S 1 ) the latter type of boundary structure is called crosscap in the string theory 
literature. We define 

Ci = c\(ay\., \ci\ = \ ' ' 1 ' Iclfc = |{(9E)i CS: |ci| = fc|| k = 0, 1. 

1 »l ^ otherwise; 1 1 |U ' 

Thus, |c|o is the number of boundary components of (£,(?£) with the trivial involution and 
|c|i is the number of crosscaps. 

An oriented symmetric half-surface (or simply oriented sh-surface) is a pair (S,c) consisting 
of an oriented bordered smooth surface S and a boundary involution c on S. Such a pair 
doubles to a symmetric surface (S,c); see (|1.4jl . We denote by Jy, the space of all complex 
structures on S compatible with the orientation and by J c the subspace of Jy, consisting of 
the complex structures j so that c is real-analytic with respect to j; see Section [3l In the 
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standard case of open Gromov-Witten theory, c = id^s and J c = Jt.- 

A real Cauchy-Riemann operator on a real bundle pair (V, c) — > (£,c), where (£,c) is an 
oriented sh-surface, is a linear map of the form 

£ = a+A:r(£;Vf={£er(£;F): £o C = co£| as } 

— ► ^(E; V) = r(S; (T*£, j) ' 1 ®^), 

where 9 is the holomorphic 9-operator for some j G Jy, and a holomorphic structure in V and 

Aer(E;Hom K (V,(T*EJ) ' 1 ®ctO) 

is a zeroth-order deformation term. A real Cauchy-Riemann operator on a real bundle pair 
need not be Fredholm in the appropriate completions; see Remark 13.71 However, it is Fred- 
holm if the boundary involution c is real-analytic with respect to j; see Proposition! 



Let I = [0, 1]. Given an orientation-preserving diffeomorphism ip: £ — let 

(M^dM*) = (lx(E,0E^))/(l,x) ~ (0,V(z)) 

be the mapping torus of ifi and 7r : — > S 1 be the projection map. For each t G S , 
let Ej = 7r _1 (t) be the fiber over t. An involution c on 9E commuting with ^ induces a 
fiber-preserving involution on dM^p, which we continue to denote by c. In such a case, a 
continuous family of real Cauchy-Riemann operators on a real bundle pair (V, c) over (M^, c) 
is a collection of real Cauchy-Riemann operators 



A:r(£ t ;^) c — >rJ' 1 (E t ;V| El ) 



which varies continuously with t G 5 . If jt G J7 C , so that Z?i is Fredholm, we denote by 
det(D) — yS 1 the determinant line bundle corresponding to this family; see [191 Section A. 2] 
for a similar construction. 

Theorem 1.1. Let (E,c) be an oriented sh-surface, ip : E — > E be a diffeomorphism pre- 
serving the orientation and each boundary component and commuting with c when restricted 
to 9E ; and (V, c) be a real bundle pair over (M^,c). For each boundary component (<9£).; 
of £, choose a section a, L of 

If D is a continuous family of real Cauchy-Riemann operators on (V,c) such that each Dt is 
compatible with some )t^J c , then 

( Wl (det(D)), S 1 ) = Y, + 1) (MV' C ), [at]) + (w 2 (V' c ), (M^)) 

(1 3) \ C i\=° 

where the sums are taken over the connected components (dM^)i ofdM^p. 

This theorem extends |9j Theorem 1.1] to bordered Riemann surfaces with crosscaps and is 
the key step to the remaining results in this paper, analogously to [9] Theorem 1.1] being the 
key step to the remaining results in [9|. We prove this theorem in Section [J] by separating off 
the contributions of the individual crosscaps, following one of the principles in the proof of 
[9j Theorem 1.1]; the contribution from the remainder of E is then given by |9j Theorem 1.1]. 
We determine the contributions from the crosscaps in Section [4] by combining some of the 
ideas in the proof of p2 Theorem 1 . 1] with equivariant cohomology. 
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Remark 1.2. Families of real Cauchy-Riemann operators often arise by pulling back data 
from a target manifold by smooth maps as follows. Suppose (X, J) is an almost complex 
manifold with anti-complex involution </>: X — >X and (V, (j)) — > (X, </>) is a real bundle pair. 
Let V be a connection in V and 

A G T(X;Rom R (V,(T*X, J) ' 1 ® C V)). 

For any map u : E — and j€j7s) let V" denote the induced connection in u*V and 

A j]U = Ao djU E r(S; Hom H («*V; (T*E, j) ' 1 ® c «**0) • 

If c is a boundary involution on £ and uoc = (j)ou on <9E, the homomorphisms 

du = \{^ u + io V" o j), D u = r(Z;u*Vr** — > if'^EjuV) 

are real Cauchy-Riemann operators on (w* V, — ► (£, c) that form families of real Cauchy- 
Riemann operators over families of maps. 

The double of an oriented sh-surface (£,c) is the closed oriented topological surface 

(1.4) E = (E+US-)/~ = {+,-}x£/~, (+,z) ~ (-,c(z)) VzedE. 

The involution c on <9E naturally extends to an involution on £, which we denote by c. 
Similarly, if (X, 0) is a manifold with an involution, a map u: E — )-X such that uoc = (j)ou 
on <9£ doubles to a map u: E — >X such that uoc = (pou. A complex structure j on £ + = £ 
extends to a complex structure j on E so that c*j = — j if and only if c : <9£ — )• <9E is real- 
analytic with respect to j ; see Corollary 13.31 If c is real-analytic with respect to j , J is an 
almost complex structure on X such that <f>* J =—J , and u above is (J, j)-holomorphic, then 
u is ( J, j)-holomorphic. 

Remark 1.3. We note that (jl.4p does not specify a smooth structure on E. Whenever c is real- 
analytic with respect to j, there are natural doubled smooth and complex structures j so that 
the image of 9E in E is a real-analytic curve; see (1) in the proof of Corollary 13.31 However, 
there can be other smooth and complex structures on E that double j; see Remark 13.41 

Let (E, c) be a genus g oriented sh-surface with orderings 

(<9E)i,...,(<9E)| c | and («9£)| c|o+1) . . . , (dE)^^ 

of the boundary components with \a\ = and with \a\ = 1, respectively. Denote by V c the 
group of diffeomorphisms of E preserving the orientation and each boundary component and 
commuting with the involution c on 9E. If (X, (j)) is a smooth manifold with an involution and 

(1.5) b = (6, 6i, . . . , fcHo+lch) G H 2 (X; Z) H^X*; ^)® |c| ° Hf(X; Z)®!* 

let < B g (X, b)^ ,c denote the space of maps u: E — >X such that 

• uoc = (j)ou on <9£, 

• u*[E] = 6, 

• u*[(c?E)i] = 6j for i = 1, . . . , |c|o, and 

• [ u l(dE)J Ci = &i f° r * = l c lo+l> • • • > |c|o + |c|i, where [u|(gx;)J Ci is the equivariant pushforward 
of P£)i] c * by u| (as) .. 

We define 

H g (X,h)^ c = (<3 g (X,b)^ c x J c )/V c . 
By Lemma [3. 11 the action of T> c on J7e given by h-j = h*) preserves J c \ so, the above quotient 
is well-defined. 
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Remark 1.4. As discussed in detail in Example 12, 1\ Hf(X;7*) provides a finer invariant than 
Hi(X;Z). 

Remark 1.5. For simplicity, we will assume that the action of T> c has no fixed points on the 
relevant subspaces of *B 9 (X, h)^' c x^ c . This happens for example if sufficiently many marked 
points are added to S. In applications to more general cases, this issue can be avoided by 
working with Prym structures on Riemann surfaces; see [16J. 

The determinant line bundle of a family of real Cauchy-Riemann operators Dtyfy on 

<B g (X,h)^ c x J c 

induced by a real bundle pair as in Remark 11.21 descends to a line bundle over T-L g (X, b)^' c , 
which we still denote by det D, y ^ . As a direct corollary of Theorem II. 1\ we obtain the 
following result on its orient ability. 

Corollary 1.6. Let 7 be a loop in T-L g (X,h)^' c and 7 be a path in *B g (X, b)^ ,c x J c lifting 7 
such that 71 =^'70 fo r some ifi € T> c with ip\gz =id. For each boundary component (<9S)j 
of T,, denote by on : S 1 — > X and fa: S 1 x — > X the paths traced by a fixed point on 
(dH)i and by the entire boundary component (c?£)j along 7. Then, 

l c lo 

(w 1 (detD {v ^ ) ), 1 ) = Y, (((MV+),bi) + l)K(^), [oh]) + (MV+), [A 

. . i=l 
^ |c|0 +|c h 

i=|c| +l 

where [/3j] ldxCi G ht^ (X) is the equivariant push-forward of [S 1 x (<9E)j] ldxCi by fa. 

The first assumption in this corollary imposes no restriction on 7; see Lemma [4. 5[ Lemma [2.4l 
simplifies the computation of the second line in (|1.6p in some cases. In particular, combining 
Corollary 11.61 and Lemma 12.41 we obtain Corollary 11.71 below, which concerns the orientabil- 
ity problem for families of real Cauchy-Riemann operators over surfaces without standard 
boundary components (i.e. with crosscaps only). 

If (V,<f) — > (X,cf)) is a real bundle pair, a real square root for (V,(f>) is a real bundle pair 
(L, <f>') — > (X, (f>) and an isomorphism 

of real bundle pairs. As shown in [4, Section 2.1], real square roots canonically induce orien- 
tations on the determinant lines of real Cauchy-Riemann operators over disks with crosscaps. 
Thus, Corollary 1 1 . 71 explains and extends this key observation in [3]. 

Corollary 1.7. Let (X,(f>) be a manifold with an involution, (V,(p) — > (X,<f>) be a real 
bundle pair, and (S, c) be an oriented sh-surface. If iri(X) = Q and c\(V) is an even class or 
A^ P (V, (j)) admits a real square root, then the determinant line bundle 

det(D v ^)^n g (X,bf' c 

is orientable. 
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Let a be an orientation-reversing involution on a compact closed oriented genus g surface £. 
Denote by J a and the space of complex structures j on £ such that cr*j = — j and the 
group of orientation-preserving diffeomorphisms ip of S such that aoip = tpoa, respectively. 
Let (X, 0) be a smooth manifold with an involution and J be an almost complex structure on 
X such that <p*J = —J. Of a particular interest in real Gromov-Witten theory is the problem 
of the orientabihty of the moduli spaces 

m g {X, J,bf'° = {(u,j) G C°°(t,X)xJ a : u*[±] = b, uoa = <t>ou, d^u = 0}/V a , 

where 

(1.7) dj.u = ^(du + J o du o j). 

This problem is closely related to the problem of orienting the index bundle for a family of real 
Cauchy-Riemann operators over J, 6)^'°" induced by the bundle (TX,d(f>) — > (X,(p) 

as in Remark 1 1. 2 i Since £ can be decomposed into two conjugate oriented sh-surfaces, (£,c) 
and (S,c), the latter problem is in turn closely related to the orientabihty of det (-D(TJf,d</>) ) 
over the space of holomorphic maps from £ to X that commute with the involutions on the 
boundary. 

Let rj : P 1 — > P 1 be as in (jl.ip . As shown in [U Section 2.3], the orientabihty problem for 
TIq(X, J, b)^ is precisely equivalent to the orientabihty problem for -D(TX,d</>) over 

V(X,J,b) = {ueC co {F 1 ,X): u*[F 1 ]=b, uo 7] = ( j)ou, B^u = 0} 

= {ueC°°{D 2 ,X): u^ x ] = b, uo V \ d x = 0o U \ d x, dj^u=0}, 

where j and j are the standard complex structures on P 1 and the unit disk D 2 CP 1 , respec- 
tively. The reason is that 

m (X, J,6)^ =V(X, J,6)/Aut(P 1 ,r ? ) and Aut(P 1 , rj) « S 3 . 

Thus, the orientabihty of Wlo(X, J,b)^ ,v along a loop 7 in this moduli space is described by 
the last term in (|1.6p with (V,(j)) = (TX,d(j)). This allows us to immediately deduce the 
following conclusion about the orientabihty of DJlo(X, J,b)^ ,ri from Corollary 11.71 

Corollary 1.8. Let (X,<j),J) be a manifold with an involution and an almost complex struc- 
ture J such that 4>*J=—J. IfiTi(X) = and c\(TX, J) is an even class or A^ P (TX, cf>) admits 
a real square root, the moduli space m (X, J, b)** is orientable for every b£H 2 (X;Z). 

The orientabihty of DJlo(X, J, b)^^ under the last assumption is shown directly in [H Sec- 
tion 2.1]. This in particular implies that the moduli spaces 9Jto(P 4m_1 , b)^ ,ri are orientable. 
All moduli spaces 9Jlo(F 2rn ~ 1 , by^ with the two standard involutions (f) are shown to be ori- 
entable in [H Section A.l], as implied by the first case of our assumptions. By Example 12.51 
below, the moduli spaces 5[Ro(P n , b) Tn,ri , where 

(1.8) t,,:!""— >P», [Z ,Z 1 ,...,Z n ]^[Z ,Z 1 ,...,Z n ], 

is not orientable if n and b are even, i.e. the condition tt\{X) = alone does not suffice for 
the orientabihty of 9Jlo(X, J, b)^' 71 . By Example 12.61 which builds on [H Example 2.5], no 
divisibility condition on c\{TX) can suffice by itself either. 

This paper is organized as follows. Section [2] reviews Z2-equivariant cohomology and ho- 
mology, obtains a number of related results that are used in the proof and applications of 
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Theorem 11.11 and concludes with two examples showing that Corollary 11.81 is sharp in a 
sense. Section [3] describes doubling constructions for oriented surfaces with boundary in- 
volutions and obtains a Riemann-Roch theorem for Cauchy-Riemann operators over such 
surfaces. These two, somewhat technical, sections enable us to extend the principles from [9] 
to surfaces with crosscaps. The proof of Theorem 11.11 is the subject of Section [H Section [5] 
reinterprets Corollary 11.61 in terms of local systems and discusses some applications of this 
point of view. In Appendix we show that the notion of almost complex structure on a 
bordered Riemann surface used in this paper is equivalent to the notion of analytic structure 
used in [21 El E]. 

We would like to thank M. Liu for detailed discussions on topics covered in this paper and 
W. Browder, E. Brugelle, E. Ionel, S. Galatius, J. Solomon, M. Tehrani, and G. Tian for 
related conversations. The second author is also grateful to the IAS School of Mathematics 
for its hospitality during the period when the results in this paper were obtained. 

2. EQUIVARIANT COHOMOLOGY AND SOME EXAMPLES 

We begin this section by recalling basic notions in equivariant cohomology, in the case the 
group is Z2. We then make a key observation, Lemma 12.21 concerning the Z2-equivariant 
second Stiefel- Whitney class of vector bundles over S 1 x S ; it is used in the proof of The- 
orem 11.11 Lemma 12.41 simplifies the computation of the second line in (jl.6p in some cases 
and immediately leads to Corollary 11.71 from Corollary 11.61 We conclude this section with 
examples illustrating the significance of the vanishing requirements on tti(X) and w 2 (X) in 
Corollary [L8l 

The group Z2 acts freely on the contractible space EZ2 = S°° with the quotient BZ2 = RP°° . 
If Z2 acts continuously on a topological space M , let 

M Z , 2 M = EZ 2 x z , 2 M. 

The projection p\ : EZ2 xM — >-EZ2 descends to a fibration 

(2.1) M — ► B 22 M — ► JBZ 2 . 

The Z2-equivariant cohomology and homology of M are defined to be the cohomology and 
homology of M Z2 M: 

H^{M) = H*(M Z2 M;Z 2 ), H^(M) = tf*(B Z2 M;Z 2 ), H^(M-I) = tf*(B Za M;Z). 

If V — >M is a real vector bundle with a Z2-action lifting the Z2-action on M, 

M Z . 2 V = EZ 2 x Z2 V ^M Z2 M 

is a real vector bundle; this is the quotient of the vector bundle p 2 V — > EZ2 x M by the 
natural lift of the free Z2-action on the base. The Z2-equivariant Stiefel-Whitney classes of 
V — >M are defined to be the Stiefel-Whitney classes of M Z , 2 V — >M Z2 M: 

wf\V)^ Wl (M Z2 V)&H Z2 {M). 

The non-equivariant Stiefel-Whitney classes of V are recovered from the equivariant Stiefel- 
Whitney classes of V by restricting to the fiber of the fibration (12. ip . If / : S — > M is a 
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continuous map commuting with the Z2-actions on £ and M, the Z2-action on V induces a 
^-action on f*V lifting the action on £ and 

(2-2) wf*(f*V) = {B z jy W f>(V) G F| 2 (S) ; 

where Bz 2 /: B^ 2 £ — >M% 2 M is the map induced by /. 

If 7L<i acts freely on £, the projection p 2 : EZ2 x £ — > £ descends to a fibration 

(2.3) EZ 2 — ^Bz 2 £^£/Z 2 . 

Since EZ2 is contractible, this fibration is a homotopy equivalence, with a homotopy inverse 
provided by any section of q. In particular, q induces isomorphisms 

(2.4) q*:H*{X/Z 2 ) : ^ 2 (S; Z) — > i?»(E/Z 2 ; Z). 

Any section of g embeds S/Z2 as a homotopy retract, and every two such sections are 
homotopic. Thus, if / : S — > M is a continuous map commuting with the Z2-actions on £ 
and M, we denote by 

M Z J: £/Z 2 ^B Za M 

the composition of B^ 2 / : B^ 2 £ — > B^ 2 M with any section of q; this is well-defined and 
unambiguous up to homotopy. If p : V — > £ is a real vector bundle with a Z2-action lifting 
the Z2-action on £, V/Z2 — >Yjj r L 2 is a real vector bundle and 

Bz 2 V — 5- q*(V/Z 2 ) = { ( [e, x] , [v]) G B Za £ x (F/Z 2 ) : [x] = \p(v)] } , 

[e,v] — > ([e,p(v)], [«]), 

is a vector bundle isomorphism covering the identity on Bz 2 £. Thus, 

(2.5) wf^V) = Wi (q*(V/Z 2 )) = q*w i {V/Z 2 ) G flj^E). 

Example 2.1. Since the involution c : S 1 — > S , z — )• — has no fixed points, the cor- 
responding Z2-action on S 1 is free. A section of the projection q in (|2.3p in this case is 
given by 

S 1 ^S 0O x Z2 S 1 C (C co -0)x Z2 S 1 , e 10 — > [(e ie / 2 ,0,0,...),e ie / 2 ]. 

Thus, if (X, (ft) is a topological space with an involution and a : S 1 — > X is any map such 
that aoc = (j)oa, then 

M^a-.S 1 ^M Z2 X, e w ^ [(e ie / 2 , 0, 0, . . .), a(e ie / 2 )] . 

The composition of M% 2 a with the projection in ()2. 1 j) is a generator of 7Ti(BZ2) ~ Z2, and 
so [a] c ^ G Hf(X). Furthermore, every loop in B Z2 X which projects to a generator of 
7Ti(BZ2) is homotopic to B^ 2 a for some Z2-equivariant map a : S 1 — > X. If a, (3 : S 1 — > X 
are two maps commuting with c, a homotopy h : IxS 1 — >Mz 2 X between Bx 2 a and B^ 2 /3 
lifts to a homotopy 

h: IxS 1 — ► EZ 2 xX 

commuting with the Z2-action. Thus, B^ 2 a and Bz 2 /3 are homotopic if and only if a and 
/3 are homotopic through maps S 1 — > X intertwining c and <fi. The composition of B^ 2 a 
with the projection ~M>i 2 X — >X/"L 2 is the loop e ld — > [a(e l6>//2 )], i.e. the composition of the 
projection qx ■ X — > XjTL 2 with the restriction of a to the upper half S\ of S ; since a 
is Z2-invariant, a(l) = 4>(a(—l)) and so the endpoints of this semi-circle map to the same 
point in X/Z 2 . Thus, if (f> acts on X without fixed point, the loop M Z2 a in B^ 2 X corresponds 
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to the loop qx°a\s^ i n X/Z 2 under the isomorphism in (|2.4p . with £ replaced by X. For 
example, let n>2, 

X = (S n xS n )/ ~, (x 1 ,x 2 ) ~ (- Xl ,-x 2 ), 4>([xi,x 2 }) = [-x 1 ,x 2 ] = [x 1 ,-x 2 \. 

If a : S 1 — > S n is any map intertwining the antipodal involutions, the homotopically trivial 
loops 

a\,a 2 : S 1 — > X, a\ = [a, x*], a 2 = [x*,a], 

where x* E S n is any point, are Z2-equivariant. Since Mi 2 a.\ and Mz 2 a 2 correspond to the 
two standard generators of 7Ti(PJP n xKP n ) by the above, 

[ ai } c ^[a 2 ] c eHf(X;Z), 

illustrating the statement made in Remark 1 1.41 

If c: S 1 — yS 1 is an orientation-preserving involution, denote by 

(V^coM^Ci) — > (S^x^idxc) 

the real bundle pairs with 

V = S 1 xS 1 xC, Vi = (lxS 1 xC)/ ~, (0,z,v) ~ (M,-v) V zeS 1 , dgC, 
and with the involutions induced by the standard conjugation on C. 

Lemma 2.2. Lei c : S 1 — > S 1 be an orientation-preserving involution different from the 
identity. For every n>\, 

<^f (nVo),[5 ,1 x5 1 ] idxc )=0, (^ ie( "" 1)5o (Fie(n-l)Vo),[5' 1 x5 1 ] idxc ) = 1 e Z 2 . 

Proof. We can assume that c(z) = — z on 5 1 CC. The complex bundles 

F = nVo,Fie(n-l)V 

canonically decompose into two Z2-equivariant real vector bundles, induced by the real and 
imaginary axes in C. By (|2.5|) . 

(w|(y),[5 1 x5 1 ] idxc ) = < W2 (l//Z 2 ),[5 1 xlRP 1 ]> = (^ 2 (Vke%) ) [5 1 xRP 1 ]), 

where c denotes nc*o or ci 0(n-l)c o , depending on V, MP 1 = S 1 /Z 2 = I/0~1, and 

Mr = »(Vo)R,(^i)H©(n-l)(Vb)R, Mr = n{V ) m , (Fi)«ffl(n-l)(Vb)« 

are the ^-quotients of the real and imaginary parts of V. Since 

(M%) R = (lxIxR)/~, (Q,t,v) ~ (s,0 ) «)~(a,l,t;) Va,tEl,weR, 

(V r fc )«=(lxIxR)/~ J (0,*,w) ~ (l,t,(-l)*«), (s,0,«)~(s,l } -«) Vs,tGl,ueR 

for A: = 0, 1, we find that 

(Vo)r = t, (Vi)r = 7i, / o) i K = 72, 0i) iR = 71(8)72, 

where r — ^ S 1 x MP 1 is the trivial real line bundle and 71 , 72 — > S 1 x MP 1 are the pull-backs 
of the Mobius/tautological line bundle by the projection maps. Thus, 

w 2 (n(V /Z 2 )) = W2 {n{T@ l2 )) = Q^i(72) 2 = 0GF 2 ( < S 1 xMP 1 ,Z 2 ), 

w 2 ((Vi®(n— l)Vb)/Z 2 ) = w 2 (71 ©71(8)72) + wi(7i©7i ( 872)'Wi(("'-l)72) + w 2 ((n— 1)72) 

= w\ (71) (ioi (71) +101(72)) + ^1(72) • (n-l)wi(7 2 ) + 
= wi (71)^1 (72) + G F 2 (5 1 xRP 1 ! Z 2 ). 
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This implies the claim. □ 

Lemma 2.3. Let c : S 1 — > S 1 be an orientation-preserving involution different from the 
identity. If (V, c) — > (S 1 x S 1 , id x c) is a real bundle pair, 

(2.6) (wf c ° P£ (A^ p V), [,S 1 x5 1 ] idxc > = (w%(V), [S 1 x 5 1 ] idxc >. 

Proof. We continue with the notation of Lemma 12.21 and its proof. By the proof of [H 
Lemma 2.2], every real bundle pair (V,c) over IxS 1 admits a trivialization, i.e. a fiber- 
preserving bundle isomorphism 

-^IxS 1 xC" s.t. ^(c(^" 1 (t,z,w))) = (t,c(«),W) V (t,z,w) €lxS 1 xC n , 

where w denotes the standard complex conjugate of w. Thus, the real bundle pairs (V, c) 
over 

(S^SVdxc) = ((Ix5 1 )/(0,z)~(l,z),idxc) 

are classified by the homotopy classes of the clutching maps S 1 — >GL n C satisfying A(c(z)) = 
A(z) for all z <E S 1 . By [H Lemma 2.2], there are two homotopy classes of such maps; they 
are represented by the constant maps with values in the diagonal matrices, with at most one 
diagonal entry -1 and the remaining diagonal entries 1. Thus, 

(V,c)&n(V ,5o) or (V, c) « (14, c x ) © (n-l)(V , So). 

Since 

(V, c) = n(V , c ) => A^iV, c) = (V , c ), 

(V,c) = (Yi,ci) © (n-l)(Vb,co) Ac P (V,c) = (Vx,^), 

the claim thus follows from Lemma 12.21 □ 



Lemma 2.4. Let (X, cp) be a manifold with an involution, (V, <p) — > (X, 4>) be a real bundle 
pair, and (3: S 1 xS l — >X be a continuous map commuting with idxc and (f>. The real bundle 
pair over (S 1 xS 1 ,idxc) admits a real square root if and only if 

(2.7) {wt(V)M d * c ) = 0. 

If tti(X) = 0, then [/3] ldxc is the image of the homology class of a map j3' : S 2 — >X under the 
inclusion of X — >M% 2 X and 

(wi(V),l(3} id * c ) = (w 2 (V),l(l'}). 

Proof. By Lemma 12.31 we can assume that rkcV = 1. Suppose (L, c) — > (S 1 x S 1 , id x c) is a 
real bundle pair such that 

P*(V,4>)^(L,c)® 2 . 

By the proof of Lemma 12.31 

L = (lxS 1 xC)/ ~, (0,z,v) ~ (l,z,±v) VzGS 1 , ueC, 

with the sign ± fixed and the conjugation c induced by the standard conjugation in C. Thus, 

P*(V,$) ~ (IxS 1 xC)/ ~, (0,z,v) ~ (l,z,v) VzeS 1 , veC, 

i.e. /3*{V, <fi) ~ (Vo, Co). Along with Lemma 12.21 this implies (|2,7p . On the other hand, by the 
proof of Lemma 12.31 and (|2.2p , 

{wt(v)M d * c ) = r(^,0) ~ (^o,c ). 
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Thus, p*(V, <j>) is isomorphic to the square of (V , c ) if (wf(V), [/3] idxc > = 0. 

If 7Ti(X) = 0, the flbration (|2,1|) gives rise to an exact sequence 

. . . — ► tt 2 (X) — > it 2 {Bz 2 X) ^0^0^ ^i(Bz 2 X) — > Z 2 — > 0. 

Thus, the restriction of B Z2 /3: S^xMP 1 — >• B Za X to at least one simple circle is homotopically 
trivial (specifically, the circle S l xx). Therefore, [/3] ldxc is a spherical class and thus equals 
i*[/3'] for some ($' € H2(X), with Z 2 or Z coefficients, where l: X — >M% 2 X is the inclusion of 
a fiber in (|2. 1 1) . Thus, 



(wl(V), [/3] idxc > = (^ulCV), [/3']> = (w 2 (V), [/3']>. 

This establishes the last claim. □ 

We conclude this section with two examples showing that neither of the first two condi- 
tions on X in Corollary 11.81 is sufficient by itself for the orientability of the moduli space 
Tl Q (X, J,b)^. The m,n = l case of Example [ZM below is d Example 2.5]. 

Example 2.5. If n, ci€Z + and r n is as in (|1.8p . 'P(P n , d) Tn ' v consists of maps of the form 

u: P 1 — > P n , [x,y] — > [p (x,y),px(x,y), . . . ,p n (x,y)], 

where po, pi , . . . , p n are degree d homogeneous polynomials in two variables without a common 
factor. The commutativity condition on u implies that this space is empty if d is odd. For d 
even, this commutativity condition is equivalent to 

d/2 

Pi(x,y) = Ai Y[ {(ai- r x-bi. r y)(bi. r x+di ir y)), 

r=X 

for some Ai € C and [oi ;r , bi- r ] £ P 1 such that 

[A ,Ai,...,A n ] = [An, A Xl ..., A„\ eP n 
Let A v n+1 . d C (Sym d / 2 C) n+1 denote the image of the set 

n 

{((6o ; i, • • • , 6 .|), . . . , (6 n;1 , . . . , b n .a)) G (C d / 2 )" +1 : f|{6 i;1 , -ft"*, . . . , 6. f , -ft"*} + 0} 

i=o " ' 2 

under the quotient map 

( C d/2)n+i (Sym d / 2 C) n+1 . The map 
MP" x ((Sym d / 2 C) n+1 - A v n+l;d ) — ► P(P 7 \(f) T ™''? , 

(L4 , . . . j Al]i [&Q;lj • • • ) &Q;rf/2]j • • • > [K;X, K;d/2\) 

r d/2 d/2 
^ ^° II (( 2;_& 0;ry)(^0;r2; + y)), • , ((« ~ b n - r y) {b n - r X + y)) 

is an isomorphism over the open subset of 7 3 (P ri , d) Tn ' v consisting of maps u such that u([l, 0]) 
does not lie in any of the coordinate subspaces of P n ; the subset A^ +1 . d corresponds to 
polynomials with common factors and thus does not correspond to maps to P n . Since MP™ 
is not orientable if n is even, it follows that T , (P n ,d) Tn '' n is not orientable and neither is 
9Jto(P n , d) Tn,n . Thus, the condition u> 2 (TX) = in Corollary 11.81 cannot simply be dropped. 
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Example 2.6. Let m,n,deZ+, r n be as in (fT5]| . and r/2 m -i: P 2 " 1 " 1 — ^p 2 ™- 1 be given by 

V2 m -i{[W ,W 1 ,...,W 2m _ 2 ,W 2m _ 1 }) = [-W U W , . . . - W 2m _ 1 ,W 2m _ 2 ]. 
In particular, 7/1 = 77. With S' 1 cC denoting the unit circle as before, define 

. . s 1 xP" — ► P n , [Z , Zi, . . . , Z n _i, Z n ] = [Z , Z u . . . , Z n - U vZ n ], 
X = S 1 xS 1 x¥ n x¥ 2m -\ <p-.X^X, <f>(u,v,z,w) = [u,v,r n (v-z),Ti2 m - 1 (w)), 

Y = {(v,z)eS l x¥ n : T n (vz) = z}. 
Since the non-trivial deck transformation of the double cover 

5 1 xMP n — >Y, (v 2 ^ -1 -*), 

is orientation-reversing if n is odd, Y is not orientable for every n (if n is even, the covering 
space is not orientable). Let b € H 2 (X;7*) denote the homology class of a line in the last 
factor. Since the projections 

7riX7r 2 X7r3,7r 4 :X — > ^xS 1 x p^p 2 ™" 1 

induce an isomorphism 

9Jt (X,6)^ « {±1}xY x m (P 2m -\b)^'^\ 

the moduli space 9Jlo(X, b)^' 11 is not orientable. Thus, the condition nx(X) = in Corollary II .81 
cannot be dropped, even at the cost of requiring q(TX) to be divisible by an arbitrarily high 
integer. 

3. Doubling constructions 

This section describes doubling constructions for oriented sh-surfaces and shows that real 
Cauchy-Riemann operators over such surfaces are Fredholm if the complex structure on the 
domain is compatible with the involution. In the case the boundary involution is trivial, the 
results in this section specialize to results in |12l Section 3]. However, in contrast to the situ- 
ation in [I2j Section 3], not every complex structure on an oriented sh-surface can be doubled 
and not every real Cauchy-Riemann operator is Fredholm. Corollary 13.31 below describes 
a necessary and sufficient condition for doubling a complex structure; it can be viewed as 
directly capturing the bianalytic nature of the doubling construction for Klein surfaces in [21 
Section 1.6]. Remark 13.71 provides examples of real Cauchy-Riemann operators that are not 
Fredholm. 

Let j be an almost complex structure on a bordered Riemann surface S. We call a smooth chart 

ij>:(U,UndE) — ►(H,R), where H = {zeC: Imz > 0}, 

j-holomorphic if j = V ; *jo> where jo is the standard complex structure on C. By Corollary IA.2[ 
£ can be covered by such charts, and so (S,j) is a Riemann surface in the sense of |12} 
Definition 3.1.4] and [13 Definition 2.5]. We thus call j simply a complex structure on S. 

Let (S, c) be an oriented sh-surface. If j is a complex structure on E, we call c real-analytic 
with respect to j if for every z G <9£ there exist j-holomorphic charts 



(3.1) 



tpz-U z — > U' z and ip c ^ : U c(z) — > U' c{z) , 
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where U z and U c i z -\ are open subsets of E containing z and c(z), respectively, and U' z and 
U',t, are open subsets of H such that 

(3.2) Vc(*) c o : ^ (C4 n c(C/ cW ndE)) — > R 

is a real-analytic function on an open subset of R C C. In particular, id^s is a real-analytic 
involution with respect to any complex structure j on E and so ,7id E = Je- If c is real- 
analytic with respect to j, then (|3.2p is real-analytic for any choice of j-holomorphic charts 
as in (|3.ip . The following lemma describes an important property of the collection J c of 
complex structures on E for which c is real-analytic with respect to j. 

Lemma 3.1. Let (S,c) be an oriented sh-surface. If)$Lj c and h€T> c , then h*\$Lj c . 

Proof. If {ip z : U z — >M} are the analytic charts for (E,j), then 

h*ip z = ip z oh : h- l {U z ) — >■ H 

are the analytic charts for (E,/i*j). Since 

h*^ c (z) o c o {/i*^}" 1 = V C ( Z ) oco iP' 1 : ^ (17* n c(U c{z) HdE)) — ► R 

is real-analytic (because c is real-analytic with respect to j), it follows that c is real-analytic 
with respect to h*j. □ 

Lemma 3.2. Let (E,c) be an oriented sh-surface. If] is a complex structure on E such that 
c is real-analytic with respect to \, then for every z S 9E there exist j-holomorphic charts as 
in H3.1\) such that 



(3.3) c(U z ndT) = [/ c(z) n<9E and 4> z \u z nds = V>c(z) c - 

Proof. The first condition in (13. 3p can be achieved by shrinking the charts. If ip c and VWz) 
are j-holomorphic charts as in (13. ip which satisfy the first equation in (|3.3p . 

5 = ^ c ( 2 ) ip z (u z nd^) — > i) c{z) (u c{z) ndE) 

is a real-analytic orientation-preserving diffeomorphism between open subsets of R. Let 
gr : VF' — )■ C be an extension of g to a holomorphic map on a neighborhood W' of vjj z (U z PdYi)xO 
in ^ z ({7 2 n9E) xR. Since g is an orientation-preserving diffeomorphism between open subsets 
of R (because c is orientation-preserving), we can assume that g is a biholomorphic map 
taking W' onto a neighborhood W" of ^(^(L^ndE) xO in i/j c ^(U c ^ndY,) xR and VF'nEI 
onto W"nH. Replacing with goip z \^-i^ w ,y we obtain a j-holomorphic chart around z on E 
satisfying (13. 3p . □ 

Let (E, c) be the double of (S, c) as in (jl.4p . 

Corollary 3.3. Let (E,c) 6e an oriented sh-surface and j € J7s. There exists a complex 
structure j on E so i/iai j|s =j and c*j = — j if and only if c is real-analytic with respect to j. 

Proof. (1) Suppose c is real-analytic with respect to j. Given z G 9E, choose j-holomorphic 
charts on E as in Lemma 13.21 The first condition in (|3.3p implies that 

(3.4) W [z] ee ({+}x[/ 2 U{-}x[/ c(2) )/~ c E 

is an open subset. The second condition in A3. 31) implies that the map 

\^ z {z'), ilx=[+,z% z'eU z ; 



3] 
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is well-defined (agrees on the overlap of the two cases, which is when z' GL7 2 nd£). This map 
is a homeomorphism onto the open subset tp z (U z )Utp c ^(U c ^) of C. If (V^i ^c(z)) * s an °ther 
pair of charts as above with the same domains, the overlap map is given by 

j^-Hx)), if x G % } (W [t] ) n H; 



*[.]°*W:*W(^W)-^*[.](WT«]). 



Thus, the collection of our charts induces a complex structure on £ that agrees with j on £ + 
and — j on £~, as required. 

(2) Suppose there exists a complex structure ) on £ so that j |n = j and c*j = — j. By deforming j 
away from d£ and collapsing circles close to 9£, we can assume that £ = L> 2 and so £ = P . 
Since j = j|s, the standard 9-operator Bq on (D 2 x C, c) — > (D 2 ,c), where c is the lift of the 
involution c on S 1 =9£ induced by the standard conjugation in C, is surjective and Fredholm, 
by the commutativity property used in the proof of Proposition 13.61 Remark 13.71 then implies 
that c is real-analytic with respect to j. □ 

Remark 3.4. The image of <9£ in £ is an analytic curve with respect to the doubled complex 
structure j constructed in (1) of the proof of Corollary I3.3t there are charts on £ taking 
this curve to IcC. There can be other complex structures j satisfying the requirements 
of Corollary 13.31 for which the image of <9£ is not analytic; they induce different smooth 
structures on £ across <9£. For example, let rj: P 1 — ^P 1 be as in (jl.ip . Choose any simple 
curve in the upper- hemisphere of P 1 with ends at a pair of antipodal points on the equator. 
Using 7] to double the curve, we obtain a simple closed curve which splits P 1 into two halves 
interchanged by 77; each half is a disk with boundary involution induced by rj. For a generic 
choice of the arc, the closed curve is not real-analytic with respect to the standard complex 
structure on P . One can ensure that this curve is smooth at the junction by requiring it to 
run along the equator near its ends. 

A real bundle pair (V, c) — > (£, c) doubles to a complex bundle 

v= ({+}xyu{-}x7)/~, (+, v ) ~ (-£(«)) v v ey| 0E , 

over £ with conjugation c: V — >V lifting c: £ — where V denotes the same real vector 
bundle over £ as V, but with the opposite complex structure on the fibers. We define the 
Maslov index of (V,c) by 

fJl (V,c) = (c 1 (V),[t}). 

By |19} Theorem C.3.5 and (C.3.4)], this agrees with the usual definition of the Maslov index 
of (V, V c ) if c = idgs- The next proposition extends well-known results from the disk with 
the trivial boundary involution to an arbitrary orientation-preserving involution. 

Proposition 3.5. Let c be an orientation-preserving involution on dD 2 = S 1 . The Maslov 
index classifies the real bundle pairs (V, c) — > (D 2 ,c). In particular, a rank n real bundle 
pair (V,c) — >(D 2 ,c) is isomorphic to the trivial one, i.e. 

(D 2 xC n ,co) — > (D 2 ,c), cq(z,v) = (c(z),v) V (z, v) G S 1 x C n , 

if and only if fj,(V, c) = 0. 
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Proof. If c=idgi, this statement follows immediately from |19^ Lemma C.3.8, Corollary C.3.9] 
and the Normalization Property of the Maslov index in \19\ Theorem C.3.5]. Thus, we can 
assume that c is the antipodal map on S 1 CC, V = D 2 xC", and 

c: S l xC n — ► S 1 xC n 

is a conjugation covering c. 

By [H Lemma 2.2], there exists A: S 1 — >GL n C such that 

c(z,v) = (- z,A(-z)A(z)- 1 v) V (z,v)eS l xC n . 

The loops Ad : S 1 — )• GL n C sending z G 5" 1 to the diagonal matrix with the first entry z d and 
the remaining entries 1 represent the elements of 7Ti(GL n C)~Z. Thus, there exists d£Z so 
that the map 

(S 1 , 1) — ► (GL n (C),I n ), z — > AiWA(z)- 1 , 
is homotopically trivial (with basepoints fixed) and therefore extends to a smooth map 
\I r : D 2 — >GL n C. The bundle isomorphism 

D 2 xC n ^D 2 xC n , (z,v) — >(z,y(z)v), 

identifies the real bundle pair (D 2 xC",c) with the real bundle pair (D 2 xC n ,c d ), where 

c d (z, v) = (-z, A d (-z)A d (z)-H) V (z, v)eS 1 xC n . 



The double of (D 2 xC n ,c d ) 



V=(D 2 + x C n UD 2 _x C n ) I ~, (+, z, u) ~ (-, -z, A d (-z)A d (z)- 1 v) V (z, u) G S 1 x C n , 
has trivializations 

V\ D 2 + xC", [+,*,«] — ► ([+,*],«), 

^-^^xC, [-,*,«] — ► {[-,z],v). 
The overlap between these trivializations is given by 
D 2 + C\D 2 _ x C" — ► D 2 + C\D 2 _ x C n , 

([+,*],*) — ► ([+,z],^Fi)^(z)- 1 t;) = {[+,z],(-l) d A. 2d (z)v). 

Thus, y«C(2d) (n-l)O, where 0,0(2d) — ^P 1 are the trivial complex line bundle and 
the 2d-th power of the hyperplane line bundle, respectively. If follows that 

fi{D 2 xC n ,c d ) = (c 1 (V),[¥ 1 ])) = 2d. 

This establishes both claims of the proposition. □ 

Let j be a complex structure on £ so that c is real-analytic with respect to j. Every real 
Cauchy-Riemann operator D on (V,c) — > (S,c) as in (II. 2|) compatible with j doubles to a 
real Cauchy-Riemann operator 

£>: W^{%V) ^W°*{%(T*%])®cV), 

where p > 2 and VF 1 ^ and denote Sobolev completions with respect to some metrics 

on £ and V (doubled to £ and V") on the appropriate spaces of bundle sections, by 

M =D£, M = coD{5o£oc) ode V(ef 1|P (E;V). 
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Since the image of D lies in W°' p , there is no overlap condition for D along 9E to be checked. 
This operator satisfies 

D(co£oc) = co {Dt;} o dc. 
In particular, l) takes the complementary subspaces 

W^(t- Vf = {SsW 1 *^; V) : co£°c = £}, 

i W lj> (£; Vf = {C G VF 1 ' P (S; V") : co£oc = -f } 

of VF 1,P (E; V") to the complementary subspaces 

W^ P (E; (T*£,})® C V)~ C = {ri£W°> p (£; (T*£,])® C V) : corjodc = 77}, 

iW°' p (±; (T*SJ)® c y) a = {r/G W°'P(E; (T*E, j)<8> c ^) : co V odc = -r?}, 

respectively of VF°'P(E; (T*S, j)® c t>). 

Proposition 3.6. Let (E,c) oe an oriented sh-surface, (V,c) — s>(E,c) 6e a real bundle pair, 
)^J C , andp>2. A real Cauchy-Riemann operator D on (V,c) compatible with} induces a 
Fredholm operator between W 1,p and W p -completions of its domain and target, respectively, 
with 

ind KJ D = fi(V,c) + (l-<?(E))(rk c y), 

where <?(E) is the genus o/E. Furthermore, the kernel of the standard d-operator on the real 
bundle pair (ExC n ,c) — > (E,c) with c induced by the standard conjugation on C n consists 
of constant W 1 -valued functions on E; this operator is surjective ifT, = D 2 . 

Proof. Since c is real-analytic with respect to the complex structure j corresponding to D, 
we have a commutative diagram 

W x *(£; Vf W°' p (±; {T*£,])® c Vf 



W ,1 *(E; Vf — (T*E, j)®c^) 

where the vertical arrows are the restriction isomorphisms £ — ► Since D preserves the 
±l-eigenspaces of c, W k,p and \W k,p above, this diagram induces isomorphisms 

ker D + ps kerD, Iml) + « ImD, cokl) + ps cokD, 

where Z) 1 * 1 is the restriction of l) to the ±l-eigenspace of c. Since D is Fredholm, it follows 
that so is D. The index of D is the same as the index of its C-linear part D 1,0 . Since 
multiplication by i commutes with l) 1,0 , it induces isomorphisms 

ker(i) 1 ' ) + — ► ker(l) 1 ' )-, cok (£> 1 '°)+ — ► cok (l) 1 ' ) - . 

Thus, 

ind R D = ukIrD 1 ' = ind R (I) 1 ' ) + = ^ind^ 1 ' = ( Cl (V), [£]) + (l- 5 (E))(rk c y); 
the last equality follows from Riemann-Roch for a closed complex curve. 

If D is the standard 9-operator on a trivial pair (ExC n ,c) — > (E,c), l) is the standard 
9-operator in a trivial vector bundle over E with the standard conjugation. This implies the 
last claim. □ 
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Remark 3.7. We now show that the standard <9-operator Bq on (D 2 xC,c) — >(D 2 ,c), where 
c is the lift of the involution c on S 1 = 8T, induced by the standard conjugation in C, has 
infinite-dimensional cokernel if c is not real-analytic with respect to the standard complex 
structure jo on D 2 . Specifically, we show that 

{z 2k ~ l dz: k£Z + }nd (W 1 ' p (D 2 Y) = {0} C W°' P (D 2 ; (T*D 2 ,j )) 

if c is not real-analytic. If &EZ + , 

{ / € W l,p {D 2 ) : Bf = kz 2k - l dz) = {Rez 2k + h: heRol(D 2 )}, 

where Hol(D 2 ) is the space of continuous maps on the closed disk D 2 that are holomorphic 
in the interior. The condition that Hez 2k + h lies in W 1,P (D 2 ) C is equivalent to 

Re(z 2k + h(z)) = Re(c(z) 2k + h(c(z))), lmh(z) = -lmh(c{z)). 

The functions He(z 2k +h(z)) and Imh(z) are real-analytic on S 1 . If c is not real-analytic, the 
above conditions imply that 

(3.5) Re(z 2k + h(z)) = C, lm/i(z) = VzeS 1 , 

for some CgR, which we can take to be 0. Indeed, if f(z) = He(z 2k + h(z)),Imh(z) were 
not constant on S 1 , we could choose an analytic coordinate 9 near any point 9q ° n S 1 and 
an analytic coordinate i? near the point i?o = c (^o) on S 1 so that 

/(#) - /(^o) = ±^ m , Me)) - /(^o) = ±e n 

for some m,u£Z + , Since c is smooth, n\m and so $(c(9)) = ±9 n > m is real-analytic at #o- 
This confirms (|3.5p . Finally, (|3.5p with C = implies that 



fcH(0) = ^/ -Rez 2fc dz _ f-^i ifm = 2A;; 



27ri J| 2 |=i -z m+ I 0, otherwise. 

Thus, h(z) = -\z 2k , which contradicts (|3.5j) . 

4. Proofs of main statements 

We begin this section by recalling some standard facts concerning determinant lines of real 
Cauchy-Riemann operators, rephrasing the first half of [91 Section 2] in terms of real bundle 
pairs (V, c) — ►(£, c), instead of bundles (V, F c ) — »-(£,<9£) of the |c|i = case. We then de- 
duce Theorem 11.11 from [9, Theorem 1.1] and Lemma f4.21 The latter treats a very special case 
of Theorem 11.11 and is the analogue of [9], Lemmas 3.4, 3.6] for the non-trivial involutions Cj 
on We conclude this section with a set of lemmas extending [9l Lemmas 2.2-2.4] to 

arbitrary boundary involutions c. 

A short exact sequence of Fredholm operators 

► X' ► X ► X" ► 



D' 



D 



D" 



> Y' > Y >■ Y" ► 

determines a canonical isomorphism 

(4.1) det(D) w det(D') ® det(D"). 

For a continuous family of Fredholm operators Dt : Xt — > Yt parametrized by a topological 
space B, the determinant lines det(Dt) form a line bundle over B; see [l9l Section A. 2]. 
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For a short exact sequence of such families, the isomorphisms (|4.ip give rise to a canonical 
isomorphism between determinant line bundles. 

Let (E, c) be an oriented, possibly nodal, sh-surface, with nodes away from the boundary and 
j £ 3c- Let 7r : E — > E be the normalization of E. Fix an ordering of the boundary components 
of E (and thus of E) and of the nodes of S. A real Cauchy-Riemann operator D on a real 
bundle pair (V, c) — > (E, c) corresponds to a real Cauchy-Riemann operator D = ® fe D k on 
7r*(y, c) — > (E, c), where the sum is taken over the components of E. Thus, by (|4.ip . there 
is a canonical isomorphism 

det(.D) « (g)det(D fc ). 

fc 

On the other hand, gluing together punctured disks around the nodes of X, we obtain a 
smooth surface E £ and a real Cauchy-Riemann operator D £ over (E e ,c) for a gluing parame- 
ter e. Similarly to (111 Appendix D.4] and (3J Section 3.2], for every sufficiently small e there 
is a canonical (up to homotopy) isomorphism 

(4.2) det(D £ ) « det(5) A£ p f F 2j 

Moreover, the gluing maps satisfy an associativity property: the isomorphism (|4.2p is inde- 
pendent of the order in which we smooth the nodes. 

Remark 4.1. The space of real Cauchy-Riemann operators on (V, c) — > (E, c) is contractible; 
thus, a choice of orientation on one determinant line canonically induces orientations on the 
rest. Moreover, any two families of real Cauchy-Riemann operators on a family (Vt,ct) — > 
(T,t,ct) are fiberwise homotopic. This implies that their determinant bundles have the same 
Stiefel- Whitney class. 

Proof of Theorem li.il By Lemma 14.41 we can assume that tp restricts to the identity in 
a neighborhood of the boundary. For each boundary component (<9X)j of S with |q| = 1, let 

(4.3) Ui = S 1 x (8E)i x [0, 2e] « S 1 x Cyl 
be a neighborhood of S" 1 x (9S)j in and 

C/j = I x (0E)i x [0, 2e] 

be the corresponding neighborhood of Ix (9E)j C IxE. By the proof of [9 : , Proposition 3.1], 
we can assume that the identification (|4.3h commutes with the complex structures on the 
fibers over S . 

By [U Lemma 2.2], 

{V,c)\ s ^ m . « (Ix^xCq))/-, (0,«) - VveVi\ z , ze(dZ)i, 

where q denotes the lift of Cj induced by the standard conjugation on C n and 

3i : (9S)j — > GL n C s.t. 5i (c(z)) = W) V « G ; 

in fact, can be taken to be a constant function with values in the diagonal matrices, 
with at most one diagonal entry -1 and the remaining diagonal entries 1. Since such gi is 
homotopically trivial, it can be extended to a map 

gi : (5E)i x [0, 2e] — )• GL n C s.t. ffi|(as) iX [e/2,26] = Id- 
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For all i with |cj| = l and t€S l , pinch ix£ along the curve ix(<9£)jXe to obtain a nodal curve 
£ s with normalization consisting of a disjoint union of disks D 2 and a Riemann surface £', 
whose boundary components are the boundary components (d£)j of E with |cj| = 0, with 
special points G D| and Pi £ £'. The real bundle pair (V, c) descends to a real bundle pair 
over the family of nodal curves as in [9l Remark 2.1], inducing bundle pairs 

(V',c') ^5 1 x(S / ,5E') and (V^,Cj) =Ix 9j (D 2 xC n , — ► S 1 x(D 2 ,Ci), 

with //(Vi,Cj) = and with isomorphisms V'ltxpj ~ C n « Vi|t x o for every t&S 1 . 

Taking a family of real Cauchy-Riemann operators D' on (V', c') and gluing it to a family of 
real Cauchy-Riemann operators D{ on (V^,c"j), we obtain a family of real Cauchy-Riemann 
operators D e on (V,c). By Remark 14.11 and (|4.2|) . 

(4.4) detOD (Vig) ) « det(D £ ) « det(D') ® (g) ( det(A)® A top (y'| (tiPi) )) . 

[Ci|=l 

Thus, 

«Ji(det(Z>)) = «>i(det(£>')) + ^(^i(det(A))+^i(y'|six Pi ))- 

|ci|=l 

The complex structure on V r/ |5 lX p i induces a canonical orientation on this space; in particular, 
w i(V\sixpi) = 0- The term wi(det(-D')) is given by |9, Theorem 1.1]. Therefore, the problem 
reduces to the families of operators Di on (VJ, £j) over S* 1 x (Df,a). Theorem O 

now follows 

from Lemma 14.21 □ 

Lemma 4.2. Let c: S 1 xdD 2 — >S 1 xdD 2 be a fiberwise orientation-preserving involution 
different from the identity and (V,c) — ^(S" 1 xD 2 ,c) be a real bundle pair with fj,{V,c) = on 
each fiber. If D is any family of real Cauchy-Riemann operators on (V,c) over S 1 , then 

(^(detZ^S 1 ) = (w%(V),[S 1 xdD 2 ] c ). 

Proof. Let n = i~kcV. Denote by 

(Vq, Co), (Vi,ci) — >• {S l xD 2 ,c) 

the real bundle pairs with 

V = S 1 xD 2 xC, Vi = (IxD 2 xC)/ ~, (0,z,v) ~ (l,z,-v) V zeL> 2 , weC, 
with the involutions induced by the standard conjugation on C. 

By Proposition 13.61 the standard <9o-operator on 

(txD 2 xC n ,c )^(txD 2 ,c\ txS i), t € S\ 

with Co induced by the standard conjugation in C, is surjective and its kernel consists of 
constant real-valued functions. Thus, the index bundle of the family of the standard (Jo- 
operators on the trivial rank n real bundle pair uVq (direct sum of n copies of Vq) is isomorphic 
to S 1 x W l by evaluation at a boundary point and in particular is orientable. On the other 
hand, the index bundle of the family of the standard <9o-operators on 

Vi©(n-1)^ ^S l xD 2 

is the direct sum of the Mobius line bundle over S 1 and n — 1 copies of the trivial real line 
bundle; in particular, it is non-orientable. By Remark 14.11 the determinant bundle of any 
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family of real Cauchy-Riemann operators on a trivializable real bundle pair as in the state- 
ment of the lemma is thus orientable and on a real bundle isomorphic to V\®(n— 1)Vq is not. 

By Proposition 13.51 every bundle pair (V, c) as in the statement of the lemma is isomorphic 
the bundle pair 

(IxL» 2 xC)/~, (0,z,v) ~ (l,z,A(z)v) V z€D 2 , veC, 

for some smooth map A : D 2 — > GL n C such that A(c(z)) = A{z) for all z G S 1 . By jH 
Lemma 2.2], there are two homotopy classes of such maps; they are represented by the 
constant maps with values in the diagonal matrices, with at most one diagonal entry -1 and 
the remaining diagonal entries 1. Lemma 12.21 then implies that w^iV) classifies the rank n 
real bundle pairs (V,c) as in the statement of Lemma [4.2i Thus, if w^(V) = 0, (V, c) is 
trivializable; by the previous paragraph, det(D) is orientable in this case. On the other 
hand, if w^V) ^ 0, (V,c) is isomorphic to the twisted pair of the previous paragraph and 
thus det(D) is not orientable. Combining the two cases, we obtain the claim. □ 

The next three lemmas are used in the proof of Theorem 1 1 . 1 1 and in some of its applications. 
In particular, in some situations they allow us to replace arbitrary diffeomorphisms of (£, c) 
by those that restrict to the identity near <9X. 

Lemma 4.3. Let (S,c) be an oriented sh-surface. For every ho G T> c , there exists a path ht 
in T> c starting at ho such that h\ restricts to the identity on a neighborhood of dY, in S. 

Proof. Fix a component (<9X)j~S' 1 of d'E, an identification of a neighborhood of (d£), in E 
with S 1 x [0, 2(5], and e G (0, 6/2) such that hoiS 1 x [0, 2e]) C S 1 x [0, 5}. After composing h 
with a path of diffeomorphisms on £ which restrict to the identity outside S* 1 x (0,25), we 
can assume that ho^S 1 x [0, 2e]) = S 1 x [0, 2e\. 

By Proposition 2.4] and |17} (1-1)], the group of diffeomorphisms of the cylinder preserving 
the orientation and each boundary component is path-connected. In particular, there exists 
a path of diffeomorphisms 

(4.5) / t :5 1 x[0,2€]^5 1 x[0,2e] s.t. f = h ,fi = h , 

where h (z, s) = (ttiOoO, 0)), s) V (z, s) G S 1 x [0, 2c]. 

Replacing ft with ho°ft l °ft, with ft defined analogously to Jiq, we obtain a path of diffeo- 
morphisms ft as in (|4,5p that restrict to ho on S 1 xO. Thus, after composing h^ with a path 
of diffeomorphisms on £ that restrict to the identity outside S 1 x (0, 2e), we can assume that 
ho = ho on S 1 x [0, e] ; such a path is constructed from a path of diffeomorphisms on S* 1 x [0, 2e] 
using vector fields as below. 

Since z — > ho(z,0) commutes with the involution q, ho descends to a diffeomorphism h' 
on the quotient (S ,1 /q)x [0, ej. By Proposition 2.4] and [TTJ, (1.1)], there is a path of 
diffeomorphisms 

//:(5Vci)x[0,€]— ^(5Vci)x[0,e] s.t. = id, f{ = h' '\ 

This path lifts to a path of diffeomorphisms 

/ t : S 1 x [0, e] — >• iS 1 X [0, e] s.t. / = id, /i = 1 |si x [o,e]> c i°ft\s 1 xO = ft°<H- 

The path f t generates a time-dependent vector field X t . Multiplying X t by a bump function 
on S vanishing outside [0, e] and restricting to 1 on S 1 x [0, e/2], we obtain a time-dependent 
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vector field Xt on E. This new vector field gives rise to diffeomorphisms gt of E which restrict 
to the identity outside 5 1 x[0, e], while g\ restricts to h$ 1 on S' 1 x[0, e/2]. Then /iog t is a path 
in X> c connecting /ig with a diffeomorphism which restricts to the identity in a neighborhood 
of (9E)i. □ 

Lemma 4.4. Xei (E, c) 6e an oriented sh-surface and ip £T> C . Every family of real Cauchy- 
Riemann operators on a real bundle pair (V, c) over with Dt compatible with some )t^J c 
for each t £ I can be smoothly deformed through such families to a family of real Cauchy- 
Riemann operators on a bundle pair (V, c') over M^i for some ip' € V c such that ip' restricts 
to the identity on a neighborhood of <9E. 

Proof. By Lemma 14.31 there exists a path h s in T> c such that ho = ip and hi restricts to the 
identity on a neighborhood of (?E in E. Set f s = ip~ l oh s . Let ()t,Vt,ct, Dt), with t € I, be 
any family of tuples such that ) t is a complex structure on E, D t is a real Cauchy-Riemann 
operator on (Vt,dt) over (E,c), and 

For each s€l, let 

Oa;t! V^;t, C a;t) D s;t ) = (f* t ) t , f* t V t , f* t Ct, fst D t)- 

Since (j S ;i, V s; i, c s;1 , -D S ;l) = (^sis;0! Vs ; o, h* s c S] o, h*D s -o), this defines families of real Cauchy- 
Riemann operators on the real bundle pairs (V s ,c s ) over M% s . Since /io = "0! we have thus 
constructed the desired deformation of the original family. □ 

Lemma 4.5. Let (X,cp) be a smooth manifold with an involution, (E,c) be an oriented 
sh-surface, and b be a tuple as in il.5\) . Every loop 7 in T-L g (X,h)^' c lifts to a path 7 in 
*B g (X, b)^ ,c x J c such that 71 = ip • 70 for some ip^T> c with ip\dY, = id. 

Proof. Under the assumption of Remark 11.51 the projection 

« 9 (I,b^xJ c ^« 9 (I,bf 

admits local slices. Thus, there exists a path j t = (ut,jt) in %$ g (X, b)^ ,c x J c lifting 7. Let 
tpGT> c be such that 71 = ^'70- By Lemma 1431 there exists a path ^ in 2? c such that ho = ip 
and ft-i restricts to the identity on the boundary. The lift 7^ = hfcj)^ 1 -^ of 7 then satisfies 
li = hi ■%■ □ 

5. Local systems 

This section reformulates Corollary 11.61 in terms of local systems of orientations, making it 
easier to compare systems of orientations induced from different bundles as in Remark 11.21 
This section extends [91 Section 4] to arbitrary boundary involutions. For the sake of com- 
pleteness, we also begin by recalling the basics of local systems following [25]. We continue by 

constructing a local system zt^ v on the product of |c|i copies of the equivariant free loop 

space of X and |c|o copies of the 0-fixed locus X^ and its free loop space C(X^). We then 
show that its pull-back is isomorphic to the local system twisted by the first Stiefel- Whitney 
class of det(D(y^). We discuss some applications of this point of view at the end of this 
section. 

Definition 5.1. A system of local groups Q on a path-connected topological space L consists of 

• a group G x for every x 6 L and 

• a group isomorphism a xy : G x — > G y for every homotopy class a xy of paths from x to y 
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such that the composition /3 yz oa xy is the isomorphism corresponding to the path a xy f3 yz . 

Lemma 5.2 ([25, Theorem 1]). Let L be a path- connected topological space, po^L, and G be 
a group. For every group homomorphism if) : ni(L,po) — >Aut(G), there is a unique system 
Qib = {Gx\ of local groups on L such that G Po = G and the operations of tti(L,pq) on G PQ are 
those determined by ip. 

Two local systems Q and Q' on L are isomorphic if for every point x £ L there is an isomorphism 
h x : G X ^G' X such that a xy h x = h y a xy for every path a xy between x and y. Equivalently, two 
local systems are isomorphic if the groups G and G' are isomorphic and the induced actions 
of 7Ti(L,xo) are the same. There are Aut(G) of such isomorphisms, and one is fixed by a 
choice of an isomorphism G Xo « G' x . 

A continuous map / : {L\,pi) — > {L21V2) naturally pulls back a local system Q on L 2 to 
a local system f*Q on L\. If L\ and L 2 are path-connected and Q is induced by a group 
homomorphism ip: 7Ti(L 2 ,p 2 ) — >Aut(G), then f*Q is induced by the group homomorphism 

ipof #: tti(Li,pi) — ►Aut(G), 

where fjt : iri(Li,pi) — > m(L2,P2)- The local system of orientations for a vector bundle 
V — >L, denoted by Z Wl ry\, is the system induced by the homomorphism 

iff : TTiCX.po) — »• Aut(Z) = Z 2 , a — > (wi(V),a). 



Let (X, <j)) be a topological space with an involution, A^ be the fixed locus of <f>, and (V, (f>) — > 
(X,4>) be a real bundle pair. Fix base points pi, jj, and for the connected components 

Xf, C(X*)j, and C(M z . 2 X) k of X*, C(X+), and C(M Z2 X), respectively. Let 2& u1aa be the 
local system on X^ xC(X^) corresponding to the homomorphism 

iP : miXfxCiX^^piX^j) = n l (xi,p i )xit l (C(X't>) ]llj ) — > Aut(Z) = Z 2 , 
(a, fi) — ► ((wi(W),7i> + l)(t«i(W), [a]) + (u; 2 (V^), [/?]), 

and 2 ^ be the local system on £(Mz 2 X) corresponding to the homomorphism 



<A : 7n{£(M Z2 X) k , r fc ) — > Aut(Z), /3 — > (wj(V), 
If c is a boundary involution on an oriented surface £, we define W2 \ on 

= (A*x£(A*)) |c| ° x £(B Z2 A)I C I 1 
to be the pull-back of the local systems Zw uvl3 and Z $ by the projection maps. Thus, the 

w 2 

restriction of this system to a component of Xj, >c with a basepoint 

(5-i) (p,7,r) = (pi,7i,...,p| C | ,7| C | ,r| C | 0+1 ,...,r| C | 0+ | C | 1 ) 
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is given by the homomorphism 

V> : TTi [X^, (p, 7, f)) — ► Aut(Z) = Za, 
(qi,/3i, . . . ,a| c | ,/3| c | ,/3| c | 0+1 , . . . , /3| c | +| c |i) 
2) l c l° - l c lo+l c li 

E («^C^),7<>+i)<toi(v*) I M) + M^), [ft]}) + E (^oo* ^])- 

i=l i=|c| +l 

If (X,<p) and (S,c) are as above, g is the genus of E, b is a tuple of homology classes as 
in (jl.5p . and k = (fc l3 . . . , feui^uL) is a tuple of nonnegative integers, let 

|c|o+[c|i 

<B gM (X,h)^ c = <8 g (X,b)^ c x J] ((dE)f - A iM ), 

i=i 

^ 9 , k (X,b)^ c = («B Sik (I,b)^xJ c )/D c , 

where 

A i)fcl = {(a^i, • • . ,x ijfci )e(9E)( Cl : a^v e {x itj , c(xij)} for some j,j' = l...,ki, j^j'} 

is the big c-symmetrized diagonal. In the case X is a point and b is the zero tuple, we denote 
T-L g fi{X } b)^' ldsE by M g ; this is the usual Deligne-Mumford moduli space of stable bordered 
Riemann surfaces with ordered boundary components if E is not a disk or a cylinder (for 
stability reasons). In all cases, let 

be the map forgetting the marked points. 

Proposition 5.3. Let (X,(p), (E,c), g, h, k ; and X^ be as above. 7/k€ (Z + )l c l° + l c l 1 , there 
is a map 

ev:^ k (X,b)^ c ^X^ c 

such that for every real bundle pair (V, <j)) — > (X,(f>) the local system -Z u >i(detD v -) over 

Wg,k(X, b)^' c is isomorphic to ev*Zf^ i // k = 1, £/j?s local system pushes down to a 
local system 

ev ZT \ = t* ° ev Z, 
over H g (X, h)^ ,c isomorphic to Z Wl (detD v ^)- 

Proof. The proof is similar to the proofs of [§J Proposition 4.6] and [3 Lemma 4.7]; so we 
omit some of the details and refer the reader to [S]. 

The component ev^- of ev to the i-th X^ factor is given by the evaluation at the first marked 
point Xi t x on the i-th boundary component. We now describe the remaining components of ev. 
Let T>o and T>\ denote the subgroup of V c restricting to the identity on 9E and the subgroup 
of T> c fixing the first marked point x^i on each boundary component (<9E)j, respectively. The 
fibration 

(<B 9 , k (X,b)^ c x J c )/V — )■ (<B 9 , k (X,b)^ c x J c )/V x 
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has contractible fibers and thus admits a section s. Since the elements of T>q fix <9X pointwise, 
there are well-defined maps 

ei : {® g ,UX, b)^ c x J c )/V — ► [u, x 1; . . . , X| C | 0+ | C |J — > «| (aE)j , 

for i = l, . . . , |c| . If i = |c| + l, ... , |c| + |c|i, </><H (as) . = uoc|( SE) .. Thus, determines 
an element of C(M^X): 



where the middle map is a section of the fiber bundle (|2,3p ; see also Example 12.11 So, there 
are well-defined maps 

for i= |c|o+l, • • • , |c|o+|c|i. Let 1 = (1, . . . , 1) € (Z + )Mo+Mi. The component evf of ev to the 
i-th factor C(X^) or £(Mz 2 X) is the composition 

|^£(B Z2 X), if z = |c| + l, • • • , [c[o + [c[i. 

It is well-defined up to homotopy. 

We now show that the local systems -2 W i(detD v ~) and ev*Z^ w ^ over T-L g ^(X,h)^ ,c are 

isomorphic. Let uq € H gi )c(X, b)^' c be a preimage under ev of a basepoint (p, 7, T) in X^ jC as 
in (15. ip . In particular, 

6i = N G Z) Vi = 1, . . . , |c| , h = [Ti] € flf (X; Z) Vt = |c| + l, . . . , |c| + |c|i. 

It is enough to show that the action of every element 7 of TT\{flg\ t (X,h)'P ,c ,ua) on the two 
local systems is the same. The action on Z wi ^ det d v ~) is given by (wi(det(D^y^)), 7). By 
Corollary 11.61 

Mo 

{ Wl (detD {v ^), 7 ) = {{{MV^A) + l)K(W'), N) + (w 2 (^), [A]>^ 

i=l 

v ' |c|o+[c|i 

i=|c|o+l 

where an : S" 1 — >-X and fy: S 1 x — ?>X are the paths traced by xn and by the entire 
boundary component (<9£)j along 7 = 507. In particular, 

ai = evf o7, /3 i = e vfo7 V i = 1, . . . , |c| , 

Bz 2 /3; = evf 07 V i = |c| + l, . . . , |c| + |c|i. 

The action of 7 on ev*zt ,c \ is given by the action of 



eve 



07 = (ai,/?i, . . . , a| c | , /3| c | , Bz 2 /5|c| -t-i' • • • ^ 2 P\c\ +\c\i) 
on Zf^ By (15. 2p . this action is also given by the right-hand side of (I5.3p . 

For the last claim of the proposition, it is sufficient to show that the system ev*zt ,c , over 
T-L g ^(X,h)^ ,c pushes down under the map forgetting the boundary points on a particular 
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component (SE), of <9£, i.e. that the system is trivial along each fiber of this map. For the 
components with |c|j = 0, this is done in the proof of [91 Lemma 4.7]; so, we assume that 
|c|j = l. Let 7 be a loop in the fiber (which is homotopic to S 1 ). The map 

Bz 2 (evfo 7 ): S 1 x ((d£)i/Z 2 ) — > M% 2 X 

factors through I% 2 (<9£)j, which is homotopy equivalent to (<9E)j/Z2 Thus, the map 

evfoj represents the zero class in H^X), and so the reasoning in the proof of [9j Lemma 4.7] 
still applies. □ 

Proposition 5.4. Let (X,(p), (S,c), g, b, k, and X^^ be as before and {V, (p) — >(X,4>) be a 
real bundle pair. An isomorphism between the local systems of Proposition [573\ is determined 
by trivializations of 

(1) A^ P (V^) over a basepoint of each component of X^, 

(2) e 3AR p y* over representatives for free homotopy classes of loops in X^ ( one repre- 
sentative for each homotopy class), and 

(3) (V, (j)) over representatives for free homotopy classes of maps S 1 — > X intertwining 4> 
and the antipodal involution on S . 

The effect on this isomorphism over T-L g ^] l (X,h)^ ,c under the changes 

at: vr (X*) -^{0,1}, 4 : H^X; Z) — ► ^(SO(rk c y)), of.: Hi (X; Z) — ► {0, 1} 
in these trivializations is the multiplication by (— l) e , where 

( 5.4) e = Y,{(fa(y*),k)+i)4(<kh)+4M) + £°£(fc) 

|cj|=0 |c»l=l 



an 



d (bi)o £ 7r o(^ ?i ) denotes the natural image of bi£ H\{X^\ 



Proof. An isomorphism between the two local systems is determined by a trivialization of 
det(Z)/y^\) over a basepoint uq for each component of H g ^(X, b)^ ,c that lies in the preimage 

of a basepoint (p, 7, T) of X^ jC . This fixes the group Z at uq and thus an isomorphism between 
the two systems. By the proof of [9, Theorem 1.7], this isomorphism is independent of the 
choice of uq. 

Fix n e^ gik (A",b)^ c as above. By IjQjl . 

det(D m )\ U0 ^det(D'J® (g) ( det^^A**^)) , 

|ci|=l 

where D' UQ is a real Cauchy-Riemann operator on a bundle pair (V 7 , S) — > (X', c) with 

(se',c) = |J((d£) i , Ci ) J (v*,^^ =«5(v;^| (as)i , 

|c»l=0 

D U o;i is a real Cauchy-Riemann operator on a bundle pair (VS.Cf)— >(£> 2 ,Cj) with 

(^IsijCj) = «o(V,0)|(flE) 4 , 

and pi € The vector spaces V^. are canonically oriented by their complex structures. By [9j 
Proposition 4.8], an orientation on D' UQ is determined by the trivializations (1) and (2) in the 
statement of the proposition and the effect of the changes in these choices on the orientation 
of D' UQ is described by the first sum in (I5.4p . By the proof of Lemma 14. 2^ an orientation 
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of D Uo -i is determined by the homotopy class of a trivialization of Uq(V,(P) over {d^)i an d 
changing the homotopy class changes the induced orientation. This implies the claim. □ 

Remark 5.5. Using the choices in (1) of Proposition 15.41 the choices in (2) can be made 
consistently so that the map sj^ is a group homomorphism. 

In order to discuss implications of Proposition 15.41 for the local systems of orientations on 
moduli spaces of J-holomorphic maps, we modify our overall setup. As in [9], let Jy and 
T>y denote the space of all almost complex structures on E and the group of diffeomorphisms 
of £ preserving the orientation and the boundary components, respectively. The map 

J c /V c — > Jy/Vy 

is surjective, but has infinite-dimensional fibers unless c = idgs (i n which case J c = Jy and 
T> c = T>y)- We define subspaces J* dj c and V* CV C so that the map 

(5.5) J c */V* c — > Jy/Vy 

induced by the inclusions J* — > Jy and V* — >Vy is an isomorphism, whenever (£,c) is 
not a disk with an involution different from the identity. 

If £ is a disk, we identify £ with the unit disk in C so that c corresponds to either the identity 
map or the antipodal involution (multiplication by —1) on S l CC. Let J* = {)q}, where jo is 
the standard complex structure on the disk. If c is the identity, we take 

V* = PSL§R = (z^v^^: veS 1 , aeC, \a\<l\; 

l l+az ) 

this is the group of holomorphic automorphisms of the disk. If c is the antipodal map, we take 
T>* to be the subgroup of PSLglR consisting of the standard rotations of S 1 . The map (|5.5|) 
is then surjective, since for any other complex structure j on the disk compatible with the 
orientation, there exists an orientation-preserving diffeomorphism h of the disk such that 
j = /i*jo; see [21 Corollary 1.9.5]. In particular, the map (15. 5ft is an isomorphism if c = id; if c 
is the antipodal map, this map takes a point with the trivial S 1 -action to a point with the 
trivial PSL^M-action. 

If S is a cylinder, let 

$:(M + -{l})xS — >C*, tt(r,z) —►¥,.(*), 

be a smooth map such that for each r€ (M + — {1}) the map 

E — > A r = {zeC : (\z\-r)(r\z\-l) < 0} 

is a diffeomorphism commuting with the involution c on each boundary component of <9E 
and either the identity or the antipodal involution on each boundary component of A r , the 
diffeomorphisms 

tfrotf" 1 : A,., — ► A r 

commute with the standard action of ^CC on C for all r, r' E (M + — {1}), and the map 

^ r o^-j r :A r — ► A 

interchanges the boundary circles of A r for any (or equivalently for all) r £ (M + — {1}). The 
middle condition implies that the 5 1 -action on E given by 

(5.6) S 1 -!!— >£, z — ►tf- 1 (uW r (3)) VzeE, uG^cC, 
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is independent of r£(M + — {1}). In this case, we take 

JZ = {Kh- r€(M + -{l})} 

and V* CV C to be the subgroup corresponding to the action (|5,6|) . The latter is the group 
of automorphisms of each complex structure in J* that preserve each boundary component 
of S. By the classification of complex structures on the cylinder [21 Section 9], for every 
jG^7s, there exist a unique r€(R + — {1}) and a diffeomorphism h of E preserving the orien- 
tation and the boundary components such that j = h**$>*)Q. It follows that the map ()5.5f) is 
an isomorphism. 

If X is not a disk or a cylinder, i.e. the genus of its double is at least 2, we identify each 
boundary component (<9S)j of <9X with S 1 in such a way that the restriction of c to (<9£)j 
corresponds to either the identity or the antipodal map on S 1 and denote by T>i the subgroup 
of diffeomorphisms of (<9X)j corresponding to the rotations of S 1 under this identification. 
For each ) G J%, there exists a unique metric g~j on the double (£', j') of (E, j) with respect 
to the involution id^s so that g-, has constant scalar curvature -1 and is compatible with )' . 
Each boundary component (<9X)j is a geodesic with respect to g^, and each isometry of (<9X)j 
with respect to g^ is real-analytic with respect to ) . We denote by J* C Jy, the subspace of 
complex structures j so that each T>i is the group of isometries of with respect to g } and 

by T>* the subgroup of diffeomorphisms of S that preserve the orientation and the boundary 
components and restrict to elements of T>{ on each boundary component (<9S)j of S. Since 
c l(dE)i G T^i f° r each i, J* C J c and V* C V c . We verify in the proof of Lemma 15.61 that the 
map (|5.5p is an isomorphism in this case as well. 

If (X, (f>) and (£, c) are as above, g is the genus of E, and b is a tuple of homology classes as 
in (|1.5jl . and k= . . . , fe|c| +|c|i) i s a tuple of nonnegative integers, we define 

H*^X,hf* = [* 9 {X,hf> c x J c *)/V* c . 
If in addition J is an almost complex structure on X such that (ft*J = —J, let 

9K 9ik (X,J,b)^ c = {[n,x 1 ,...,X| c | 0+ | c | 1 ,j]G^ k (X,b)^ c : fyjit=0}, 

where djj is as in (|1.7p . be the moduli space of marked J-holomorphic maps from Riemann 
sh-surfaces that intertwine the involutions on the boundary. In the case X is a point and b 
is the zero tuple, we denote H* (X, b)* ,c by M c g . 

Lemma 5.6. If (£, c) is an sh-surface and S is not a disk or a cylinder, the map 

(5.7) M c g — > M 9 , 

induced by the inclusions J* — > Jy, and V* — > T>y, , is an isomorphism. 

Proof. If j € J* and /i G V-£ are such that € then each parametrized boundary com- 
ponent of S is a geodesic with respect to the metrics g } and h*g } on the doubles and 
(S', ). Thus, the restriction of /i to each boundary component of S is an isometry with 
respect to the metric g,, and so /i|(as)i an d h£V*. Thus, the map (|5.5p is injective and 
continuous (since it is induced by inclusions before taking the quotients). 

Suppose j G Jy- For each boundary component (OE)j of S, let / : (5S)j — y (<9E)j be an 
orientation-preserving geodesic parametrization of the target with respect to the metric gj 
and the chosen parametrization of the domain. Similarly to the proof of Lemma l4.3l / extends 
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to a diffeomorphism h of S that preserves the orientation and the boundary components. By 
the assumption on /, each parametrized boundary component (<9X)j is a geodesic with respect 
to h*g } = gh*) and so h*) € J*. Thus, the map (|5.5p is surjective and open (since h can be 
chosen to depend continuously on j). □ 

Corollary 5.7 (of Proposition [53]). Let (X,(ft), (X,c), g, h, k, and X^^ be as before. There 
is a local system Z^^ w ^ on A^ jC such that the local system of orientations on the moduli 

space 9Jlg t k(X, J,h)^ ,c is isomorphic to ev* ^f^f W2 y An isomorphism between the two systems 
is determined by trivializations of 

(1) Aj^ )p (TX 9 '') over a basepoint of each component of X^ , 

(2) TX^ 3A^ P TX^ over representatives for free homotopy classes of loops in X^ (one 
representative for each homotopy class), and 

(3) (TX,d(j)) over representatives for free homotopy classes of maps S 1 — > X intertwining 
4> and the antipodal involution on S . 

The effect on this isomorphism of the changes in the above trivialization is described as 
in Hj5.4\ >- 

Proof. Suppose first that X is not a disk or a cylinder. The proof of Lemma 14.31 then applies 
with T> c replaced by T>*, once ft in the first part of the third paragraph is chosen to be a path 
in T>{. It follows that the statements and proofs of Lemmas 14.41 and 14.51 and Theorem 11.11 
with (J c , V c ) replaced by (J* ,T>*) hold as well. Therefore, Corollary 11.61 and Propositions 15.31 
and El apply with H g ,k(X, b)*- c replaced by rl* g k (X,b)^ c . In light of Lemma EH Corol- 
lary E3 follows from Proposition El with U g ^{X,h)^ c replaced by ^* k (X,b)^> c by the 
same argument as [9] Corollary 1.8] follows from j9j Theorem 1.7]. 

If S is a disk or a cylinder, the general principles of the proof of {9j Corollary 1.8] still 
apply. The orientation of TTl g ^(X, J,h)^ ,c at each point of Tl g ^(X, J, b)^ ,c is determined 
by orientations for the index of a Cauchy-Riemann operator on a real bundle pair, appropriate 
Deligne-Mumford space, and the automorphism group of the complex structures. With our 
choices of J* and V*, the last two objects are canonically oriented. □ 

By Corollary E3 [9, Corollary 1.6], and LemmaEl Ti g ^{X, J,h)^ c is orientable if X^dX 
is relatively spin and either A^ P (TX, dcj)) admits a real square root or tt\{X) = and 
W2{TX) = 0; the first condition is not needed if |c|o = 0, while the second condition is 
not needed if |c|i = 0. For example, these moduli spaces are orientable for a smooth quintic 
hypersurface X in P 4 cut out by an equation with real coefficients and with the involution cf> 
being the restriction of the standard involution T4 on P 4 . If X^ C X is relatively pin , instead 
of spin above, the orientation system of Wl g ^(X, J, b)^ ,c is a pull-back/push-down of several 
copies of the orientation system of the Lagrangian X^. These results specialize to [7J Theo- 
rem 8.1.1] and |24] Theorem 1.1] when |c|i =0. However, the presence of W2 in (15.2p means 
that in general the local system of orientations on 9Jl g ^(X, J,h)^ ,c is not the pull-back of a 
system on X or X*. 

As described in [9] Section 1], the index bundles over 9Jl g ^(X, J, b)^ ,c constructed as in 
Remark II .21 are expected to play a prominent role in the computation of real Gromov-Witten 
invariants of submanifolds, such as complete intersections in projective spaces. Specifically, 
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given n G Z + and an m-tuple a = (01, . . . , a m ) of positive integers, let 

K ; a = Op»(ai) e . . . ¥ n(a m ) — >• P n . 

This bundle admits a natural lift n;a of the standard involution on P n given by the conju- 
gation of each homogeneous component. If |b| is sufficiently large, the operators D v 7 



intersection X n - a to real Gromov-Witten invariants of P n . The following corollary, which 
extends [91 Corollary 1.10], suggests that it may indeed be possible to integrate e(V n;a ) over 
9Jt 9i k(P n , b) T,I ' c when n — |a| is odd. In these cases, the moduli space Wi g ^{X n]a ,h) Tn,c is 
oriented and in fact has a canonical orientation, constructed using the Euler sequence for P n 
and the normal bundle sequence for X n . a , similarly to the proof of [HI Corollary 1.10]. 

Corollary 5.8. Let n£Z + , mEZ-° ; aG(Z + ) m be such that n— |a| is odd and (E,c), k, and 
b for (X, <j)) = (P™, T n ) be as before. If |b| is sufficiently large, the line bundles 



are canonically isomorphic up to multiplication by M + in each fiber. 

Proof. By Proposition 15.41 and Corollary 15.71 the local systems for the two line bundles are 
isomorphic to the push-down/pull-back of the local systems corresponding to TP™ and V n;a . 
The action of a loop 7 in ^^(P™, h) Tn ' c on the last two local systems is described by ()5.2[) 
with V = TP n , V n - a . As shown in the proof of [9j Corollary 1.10], the first sum in (|5.2p is the 
same for V = TF n ,V n;a . Since 7Ti(P n ) = 0, by the last statement of (|2.4p this is also the case 
for the second sum if the usual second Stiefel- Whitney classes of TP n and V n - a are the same; 
this is indeed so under our assumptions. Thus, the push-down/pull-back of the local systems 
are the same, and so the two line bundles are isomorphic. 

An isomorphism between the local systems for the two line bundles is induced by identifica- 
tions of choices (l)-(3) in Proposition 15.41 for the two bundles. The proof of |9j Corollary 1.10] 
describes such identifications for (1) and (2). Identifications for (3) are described similarly. 
They are specified by the canonical, Z2-equivariant, trivialization over representatives for 
homotopy classes of loops (S , c) — > (A, </>), where c: S 1 — > S 1 is the antipodal map, of the 
vector bundle 



with the complex conjugation induced from the natural complex conjugation in Opn(l). This 
canonical trivialization is obtained by taking either of the Z2-equivariant trivializations of 
Opn(l) and using it to trivialize all of the bundle components. The effect of changing the 
trivialization of Opn(l) on the trivialization of the entire bundle is 





A£ p V n;a , A^ op T9Jt 9ik (P",b) 



^,k(P n ,b) 



(n+l)Op«(l) K;a = (n+l)Opn(l) Opn(ai) . . . Opn(a m ) 



(_!)«+! . (_!)«! . ... (_l)«m = 1 



by our assumption on a. 



□ 



ORIENTABILITY IN REAL GROMOV-WITTEN THEORY 31 

Appendix A. Almost complex structures on bordered surfaces 

In this appendix we show that every bordered Riemann surface (£,j) can be covered by 
(j, jo)-holomorphic charts 

%l>: (U,UndZ) — > (W,WPiR), 
where U is an open subset of £, W is an open subset of H, and jo is the standard complex 
structure on C; see Corollary IA.2I We also show that every symmetric Riemann surface 
(S,j,c) can be covered by holomorphic charts that intertwine c with the standard conjuga- 
tion co on C; see Corollary IA.3I These statements are likely known, but we could not find 
them in the literature and thus include them with proofs for the sake of completeness. 

Lemma A.l. If U is an open neighborhood of the origin in M and j is an almost complex 
structure on U , there exists a diffeomorphism 

h: (u',u'r\R) — > {W,WnR) 

between an open neighborhood of in U and an open subset in H such that ) = h*)Q. 

Proof. There exist a,b£C°°{U,R) such that 

d d d 

){x,y)— = a(x,y)— + b(x,y) — . 
ox ox oy 

By shrinking U if necessary, it can be assumed that b(x,y)^0. With 

(s,t) = (b(0,0)x-a(0,0)y,y), 

we find that 

d _ b(0,0)a(x,y) -a(p,0)b(x,y) d b(x,y) 8 
KS ' j 9s 6(0,0) 8s 6(0,0) at ' 

Thus, we can assume that 

d d d 

(A.l) ){s, t)- = a(s, t)g~ s + {l + /?(«, t)) ^ 

for some a, (3 eC°°(U,R) with a(0, 0), /3(0, 0) = 0. 



The condition j = /i*jo is equivalent to 



d \ . „ fd_ 



d yds)= hd \ds 

if h is a diffeomorphism. With 

h(s, t) = (s + x(s, t),t + y(s, t)) 
and j as in (lA.ip . the latter condition is equivalent to 

(A.2) pQ + qQ=C, 
where 

x\ fx t +y s \ fx\ _ fa.x s +flxt\ ( <\ 



\yj \yt-xsj ' \yj \ays+fiyt)' ^ \PJ 

Let rj '. R — > [0, 1] be a smooth function such that 

'l, ifr<l; 



rj{r) 



0, ifr>2. 
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We will view D 2 as the closure of EI in S 2 , i.e. as the upper hemisphere. For each 6 > 0, define 

m : D 2 — > [0, 1] by m (z) = V (\z\/5). 
In particular, H^Hc 1 ^ 2 ) < C/8 and 

II%7/IIl?(d2) < N7llc°(ija)ll/Ilzj(r>a) + ||%7lli,f(D2)||/|lco(D2) Vp>2, j=a,p, 
(A ' 3) <^ + 5 2/p )II/IIl ? (d 2) ; f £^i(D 2 ); 

this estimate uses the vanishing of 7 at the origin. Since the standard operator 
3:{£eL p 2 (D 2 ;C): £| R € C°(R; R), £(0) = 0} — ► L?(D 2 ; {T*D 2 )^) 

is an isomorphism, for all 5 > sufficiently small there exists a unique £5 6 L2(-D 2 ;C) such 
that 

(Im&)| R = 0, &(0) = 0, -jo<9& + %(Q6)dz = TisC&z. 

Furthermore, 

(A-4) UsWizm < C\\v S Cdz\\ L , m < C'S 2 '?. 

On the disk of radius 5 around the origin, £5 restricts to a solution of (|A.2j) . If p > 2, (|A.4|) 
implies that £C is a continuous function and |£i(0)| < C"5 2 / p . 

Thus, if 5 is sufficiently small, the restriction (x, y) of £5 to a neighborhood U' of the origin 
induces a diffeomorphism /i satisfying j = /i*jo- The condition (Im^)^ = corresponds to 
y\ t=Q = and ft(I7'nR)cR. □ 

Corollary A. 2. Xei S 6e a bordered surface with an almost complex structure j. For every 
z£E, there exists a coordinate chart 

ip: {U,UndZ) — >■ (H,R) 

around z so that ip*)o=). The overlap map between any two such charts is a restriction of a 
bi-holomorphic map between open subsets of C. 

Proof. If z^<9£, such a chart exists because j is integrable on T,—dT, by Newlander-Nirenberg 
Theorem; in fact, the proof in the z S <9X case can be easily adapted to this case. If z € <9£, 
a smooth chart 

tp: (U,UndZ,z) — > (H,R,0) 

induces an almost complex structure j' on a neighborhood of the origin in H. Composing tp 
with a diffeomorphism /i provided by Lemma lA.li we obtain a desired chart around z. 

If tp : U — > M and tp' : U' — > H are two charts as in the statement of the corollary, 

tp' oT/r 1 : (vKC/nc/'X^rwOnR) — > (77n£/')> tp'(unu')r\R) 

is a bi-holomorphic map. By the Schwartz Reflection Principle, 

{zee : {z,z}nip(unu') ^ 0} — ► {zee : fo^n^'CC/ntf') / 0}, 

jy^- 1 ^)), if ze^(^nc/'); 
z ~~ jv^vF 1 ^)), if f e-^c/n*/'); 

is a bi-holomorphic map between open subsets of C. □ 
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Corollary A. 3. Let (E, j, c) be a Riemann surface with an involution (and without boundary). 
For every z G S, there exists a holomorphic coordinate chart ip : U — > W C C (W not 
necessarily connected) such that ^oc = CQOip . 

Proof. If z G"X C and ifi : U — > C is any holomorphic chart around z such that UC\c(U) = 0, 
the holomorphic chart 



UUc{U) — > C, 
has the desired property. 



i/j(z), if z ell; 
i&jj, if c(z)eU; 



Suppose z G S c . Since S c C X is a smooth one-dimensional submanifold, there exists a smooth 
chart 

V>: (f/,C/nS c ,z) — > (C,R,0); 

we can assume that c(U) = U. This chart induces an almost complex structure ')' on a neigh- 
borhood of the origin in H. Composing -0 with a diffeomorphism provided by Lemma IA.ll 
we obtain a diffeomorphism 

ij/: (^ _1 (M), V 1 (H)nc(V'" 1 (H))) — > (H,M) 

such that V''*jo=j- The holomorphic chart 

\#(c(^)), if 2rGc(V» -1 (H)); 
intertwines c and Co- □ 
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